In this short note, we compute the holomorphic invariants defined by Tian For a Kahler manifold with the first positive Chern class, the existence of the Kahler-Ricci soliton can be reduced to the existence of the solution of a nonlinear equation of Monge-Ampere type. In general, solving such an equation is highly nontrivial. Similarly to the Futaki invariants, the Tian-Zhu invariants give the obstruction before one needs to solve the equation. It is thus very important to compute it concretely. In this paper, in the case of hypersurfaces, we give an explicit formula.
A NOTE ON THE HOLOMORPHIC INVARIANTS
OF TIAN-ZHU* ZHIQIN L u In this short note, we compute the holomorphic invariants defined by Tian and Zhu [4] on smooth hypersurfaces of CPn. The holomorphic invariants , which generalize the famous Futaki invariants [1] , are obstructions towards the existence of Kahler-Ricci solitons. For a Kahler manifold with the first positive Chern class, the existence of the Kahler-Ricci soliton can be reduced to the existence of the solution of a nonlinear equation of Monge-Ampere type. In general, solving such an equation is highly nontrivial. Similarly to the Futaki invariants, the Tian-Zhu invariants give the obstruction before one needs to solve the equation. It is thus very important to compute it concretely. In this paper, in the case of hypersurfaces, we give an explicit formula.
Let M c C pn be a smooth hypersurface defined by a homogeneous polynomial F = 0 of degree d. Let v and X be two holomorphic vector fields on C pn. For 
Let w be the Kahler form of the Fubini-Study metric of C pn .
restricts to a representative of the first Chern class c 1 (M) of M . Thus there is a ' smooth function ~ on M such that
For fixed holomorphic vectors X and v, the holomorphic invariant defined by Tian-Zhu [4), in our context, is where () x is defined as
The main property of the Tian-Zhu invariants is the following (cf. [4] (8)
• n The rest of this note is devoted to the proof Theorem 2. We define
Then we have 
where <p(X) is denned in (5).
Proof: This follows from the expansion 
) Ov e(n-d+l )Bx wn-l)
Proof: By [3, Theorem 4.1], we have
where Ov is the function on cpn defined by
and "' is defined in (2) . Then (3) becomes
We also have
The lemma follows from (4), (11), (12) and' the divergence theorem.
•
The following key lemma transfers the integration on M to the integrations on cpn_ Lemma 3.
where a(X) is defined in (6) .
Then 'T/ is a smooth function on cpn outside M. We have the following identity:
(15) 
{19)
(n -d+ 1) r Bx e (n-d+l)Ox wn .
Jcpn
By {10), {18) and {19)
From the above equation, we have {21)
On the other hand, from (20), we have
by (4) . Lemma 3 follows from {21) and {22).
• Theorem 2 follows from Lemma 2 and Lemma 3.
